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 We show thatl every binary and Paretian method for passing fromn prefercnee
profiles (6 lolleries over preferences is associated wilh @ subadditive Tanctiofn
*oni the sct of coulitions of individuals. This function gives the powcr of cach
' cmlmon to secure its prefercnce for any X over any'y. '

INTRODUCTION

A gener: allmllon of Arrow’s Themcm on e pozﬁlb[llty of bocml welfaie

~functions 1] is established. Arrow considered -methods for passing-from
“social plcfmcnce proliles to social pecfereiice relations. Here we study :

methods for passing.front social preference proliles to lotteucs over social

K picfcrcnu: rclalions. This enlarges the sct of objects. which are permitied to -
~serve as oulcomes of preference aggregation, while at the same time holdmf,-_

fixed the domain over which individuals have prelerences.
Consider e following method for resolving conflict. Todividuals otie and
twe have dilerent. prefcrences. They agree Lo Tlip & LOII‘I, il heads comes up

. one's p:cfmcmu are followed, and i Lails comes up, (wo's: prclerences ate

followed. Thete is no natural Arvowian dictator. The pmccduu, can be foreed -

into, thc framework considered by Arrow by requiring individuals to have
.. prelererices over lotferies on social preferences. Then, if the social ‘wellare
‘ 'Vfundmn is b:muy and P uctlan thcm W|El be an mdmdual who dictates the -

* The idea of studying miuurd soua[ wdhlc functions' g1éw out of our F.nnilhlity Wilh

"the work of Gibbard [21. In fact, our inftial atlempts involved try;m, {o oblam a resull of the

type conmunicated here as a corollary 1o his analysis. The manuscript was formerly calied
“Mixture Social- Wellare Funelions.” l’roﬂ.ssm P Mdt,hlup sugg.u;tc,d llmt the ll“t) bo
mwf;ul 5048 to convey 111C¢11‘|I||g :
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PREFERENCE AGGRLGATION 245

social lottery—at east among those lotteries For which a [rec triple condition
is salislied. But such an apalysis does not capture the intuitively neutral
qualily of the above procedure.

We adopt the view that admitting as social preferences lotteries on
preforences over the basic alternatives increases the possibility for satis-
factory prefercnce aggregation. Nevertheless, we show that the dimensions
of {his increase are severely limiled, and that the foree of Arrow's Theorem,
which is abtained as a corollary {o the present analysis, is not diminished,
In fact, we view the result as expanding the Arrow conclusion to cover a
somewhal more general setiing. Loosely speaking, we show that to cvery
binary and Paretian method lor passing (tom preference profiles 1o lotterics
over prelerences (called a social wellare scheme), there can be associated a
subadditive Function on the set of coalitions of individuals which gives the
power ol each coalition to secure its preference for any x over any other y.
In other words, allowing lolterics as outcomes, while it permits a wide
varicty of nondiclatorial procedures, cannot involve “using a coin to decide
on whose prelerences to follow when some standard procedure, such as
majorily voting, does not work.” Rather, it must be associuted with dividing
up the dictatorial power in a subadditive manner,?

The introduction is foilowed by four sections and a postscript. In Section |
we Litke up the casc in which lotteries over strict (asymmetric) orderings are
associated with profiles of strict individual preferences; indilTerence is not
allowed. It is shown that to every binary and Parclian social wellare scheme,
there can be associated a subadditive distribution of power among coalitions
of individuals which gives the power of each coalition (o secure its preference
for any x over any other p. The sccond section exiends the analysis to the
classical case of preferences which are represented by weak orderings. Tn the
third section, Arrow’s General Possibility Theorem is obtained as a coroliary
to the preceding analysis. The fourth scction is concerned with the method of
proof. Although the result we present represents a substantial strengthening
of Arrow's Theorem, the astute reader will quickly realize that our prool
follows closcly the standard prool of that thcorem (see, c.g., {1, pp. 97-100)).
Bricfly, the stalement “the group £ can insure x over »” is replaced by the
slatement “the group E can insurc x over p wilh probability p”; with this ad-
justment the steps of the standard prool are lollowed in turn. This parallel is
developed more completely in the fourth section. Finally, it is not hard to

L Surprisingly the question of whether the dislribution of power is necessarily additive
or may be strictly subadditive depends on whether the number of allernatives exceeds five:
Andrew MclLennan has signilicantly sharpencd our analysis by showing that, for the
case of six or more allernatives, every binary and Parclian social welfare scheme pives
rise o an additive distribution of power {the converse is obvious.) Alse, Gerard Builers
has. preved the converse of our (heorem is valid when the sct of alternalives does not
exeeetl five, :
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show_ that there ‘exist binary and Parctian social wellare scheres that give
 rise to disleibutions of power which are subadditive but not addilive,

LT HE THEOREM FOR STRICT PREFERENCES—-NOTATION AND DEFINITIONS

S

Let A = :{x,-y, z,...} be the sct of a!!a:'rirzriﬁes and NV = {I, 2,...,'1}}. be the

sel of individuals. We assume Lh:ouf:hout that A and N are Imllc and that the

_ numbcr of clements in A (clcuoted ##4), is at least three, Let & = {8, B, B,.. )

" be the set ol individual strict pre erence relations (complete, asymmetric, and
- transitive binary relations) on A, and &, the n-fold Cartesian product of 4,

-_‘bc the set of sou'll prelerence pmﬂcs A gencric ploﬁle is denoted by

(Bl H Ba I ] n)
A Iottery on & is a probability measure on &; i. e.,a funcuou 1.2% [0, 1]

such that K@) = 0, k&) = 1, and I(S U T) = KS) - (T — IS 0 T) for all

S, T'C #. Lot 1(%) be the set of lotlerics on #. For x, y & A, let #(xBy) =

. ABe#:xBy}. For & L(), Ict p(l, xBy) = KB(xBy)). Cleftriy, for all distinct -
RN (A xBy) + pll, pBx) == 1, Given B e &", let p(B, xBy) = {{e N: x8,y}.

A Sirict Social Welfare Scheme (SSWS) is-a function g: 8% — L(#). A

: : SSWSg is binary if for any x, y € A, and any iwo plohlcs B B egnr, -

'[fp(ll xBy) = fp(B’ xBy)] Implles P(E(B) xBy) mp(g(B ) xBy)I

A SSWS is Paretian if fm any x, y €d, and any B & 93” :

[r,p(B xBy) _implics [p(g(B),xBy) == 1]

: ,Tmctlly, thc I‘CEII-V“lllled function f defined on subscts of X is subaddliwc if B
‘-‘f(SuT)<f(5) +/(r) for all 5, T'CX. _

Tm:om:m 1. Gwen any binary and Paretian SSWS g, the)e emsfs a suib-

' add:twe functwrt w28 — R, such that

m(rp(B xBy)) —p(g(B), xBy), T -___'(1)._

- for aH B g @ (md x,yed; ﬁ;rtlrermore

}J-g(fo) ——0 | : . SEERER - (2)

O N O =1, foralCCN,ad (3

p,,,(C) p,,(C )y thz_ne'ver cce _'_..(4)

" The prdof of the _thcorcm 'I‘ ollows two Icmm_as_; _
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Lumma 1 (Neutrality).,  Let g be a binary and Paretian SSWS. Then Jorany
BB ed and x, 3,2z, we A,

[p(B, xBy) = (B, zBw)] implies [ p(g(B), xBy) = p(g(B), zBw)]. (5)

Proof of Lemma 1. If (B, xBy) = N, then plgB), xBy) = | =
2 g(BY), z2Bw) since g is Paretian, A similar argument applies if p(B, xBy)==,
Assume now that ¢(B, xBy) is a proper subset of N. We show first thal the
Lemma holds when x == z. The proof when y == w is identical.

Let B be a profile such that

xB;yBaw  for e g3, xBy),
and

yBawBx  for je (B, pBy).

Since g is Patetian, p(g(B, yBw) = 1, Thus,

@B, xBw) = p(g(B), xBy). (6)

Consider now a prolile B such that
xBywB;y  for je (B, xBy),
and
wBiyBx  Tor je (B, yBx).
Since g is Paretian p(g(B), wBy) = 1; thus, p(g(B), wBx) = p(g(B), yBx).
Therelore,
#g®B), xBy) = p(g(B), xBw). - ()

From (6) and (7) and binarity of g, we conclude p( g(B), xBy) = p( g(B", xBw)
as was to be shown,

Consider now the case x, y, z, and w distinet, or x, y, w distinct and y == z,

(The proof for w == x is identical to the proof for y = z.) Let B be a profile
such that

xByzByyBw  for je o(B, xBy),
and

HuB, yBizBix  for je (B, yBx).

(If z == y replace the middle By’s with equalitics.) Since the lemma holds
wilh x = z,

P(g(B), xBy) = p(g(B), xBw). ®)

Since the lemma holds with y = w,

P(g(B), xBw) = p(g(B), xBw), ®

&
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From (8), (9), and b_iniu‘ily- of g, we conclude that p(g(B), xBy) ==
T p(e(BY), zBw), as was to be shown.

With Lemma | proved, it is natural to define the function g, 2¥ > R

promised in the theorem by 1,(C) = p(g(B), zBw), where z and w are

“arbitrary distinct alternatives and B is any prolile such that (B, zBw) = C.

- Lémma 1 and binarity guarantee that p (C) is independent of ihe choice of
.z, w, as well as the position in B of alternatives other thun z and w. -

LemmA 2 (NMonperversily).  Let g be a binary and Parelian S_SWS. Then,

Lforainy X, yed and duy B, B e,

(B, xBy)D (B, xBy)] implies [p(g(B), xBy) > p(g®), xB)].  (10)

: _P.{'onf. of Lemma 2. Since g is Paretian, (10) holds when «p(B, xBy} = N,

Thus, it is sufficicat Lo show that, it holds when #p(B, xBy) # #, and

(B, xBy) = H#o(B, xBy) -+ 1, Let {f} = o(B, xBy) — (B, xBy). Con-

$idcpi§ stch that for some = _
: xB;yBjz. for je @(B’, xBy) — [},
yBeBx  for je (B, yBx),

) J’B_'ixB;‘Z.

. By neut'raﬁty'and binarity of g

(), XBD) = pleB), xB). an

s Sihqé' g is Paretian p(g(B), yBz) = thus, -

@), 55 = pe®yxby. (D)

- ple(B), xBy) as was o be demonstrated. - '

.Froin (1, (12), and" binarity of g, we conclude that 'p{g(B’), xBy) =

" Proaf of Theorem 1.2 1t is cl'ez_u' from the definition of js, which follows
Temma 1 {hat p, satisfies (1), €2), and (3) of the theorem. Lemma 2 guaranices -

that (4) is satisfiedt. 1t remains to show that g, is subadditive, Because of (2),
(3),:and (4), it is suflicient to show that for all disjoint and nonempty C, and

. ¢, which do not exhaust W, 1(CL U Co) K C + 1 Co)-

Let B be a profile such that -
. ' AB;))BIZ . fOf ie Cl ¥
_. yBaBx . for ieCy, .

"1 A remark of Q. Butters showed fhal one-third of dn carliet proof was unnecessary.
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and , .
eBixB;y for jeCy=N—(C,VC,)
Then,
p(8(B), xBy) = p(C, U Cy),
P(&(B), yB2) = p(CL VU Cy),
2g(B), xBz) == p(C)).

The set of rankings where x appears over y and ) over z will get at least
probability p,(Cy U Cy) - 1,(Cy U Cy) ~ 1 under the lottery g(B). Thus,

p(g(B), xBz) == pC)) = p(CL U Cy) | p C, U Cp) — L,
or i

| = Ju'.f.r(cl U Cy) f"’.fi'(c]. W () - 1(Cy)

Thus, T 2 1~ po(Cg) 4 pe(Cy U Cp) — 1, (C)), which gives the result.

2. EXTENSION 1O THE CASE WHERE PREFERENCES ARE REPRUSENTED BY
WEAK ORDERINGS

Notation and Definitions

As in the previous section A is the set of allernatives and N is the set of
individuals. Let # == {R, R,...} be the sel of individual preference relations
(complete, reflexive, and transitive binary relations) on A, and %* the n-fold
Cartesian product of £, be the set of social preference profiles, A generic
profile is denoted by R = (R, Ry ,..., R,). A lotlery on % is a probability .
measure on . Let L(#) be the set of loticries on %, Given R e, et the

associated strict preference 8 and indifference I relations be defined as
usual, '

For x, ye A, let

ARy) = {Re A xRy},

R(xBy) = {Re dl: xBy} = {Re 2 xRy and not »Ra,
and "

Hxly) = [Redh: xly} = [Re#: xRy and yRy).

%,

For I e L{#), let
P xRy) = H(H(xRy)),

P, xBy) = UA(xBy)),
and -

pU, xIy) = (R xIp)).
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o Clmrly, f01 '111 cllslm(,l X, B

ol \BJ') 1 ¢, J’B\) -+l \fy) == 1 =2 p(f, XRy) |- p(l; pBx).

. leen Redn et

PR, XRy) = {l eN: xR;y},
;,:(R, ,\"By) = {ieN.‘ xB; v}

< and

: cp(l{ x[y) = {ICN xi; y}

A Sucrai Wulfmc Scheme (SWS) is a function 2 BV - L{9D. A MSWF is

bmary lffor any X,y e A, and g any lwo profiles R R' e 9",

cp(R xBy) = fp(R’ vBy) andl rp(R yBx) rp(R’, yBx)]

| :Jmplncs

IJ(g(R), ‘CBJ’) = P(E(R) XBJ’) and p(g(R), yBx) = P(g(R ) YB x)}

: f..f\ SWS is Par et:an il for any x, y ed, 'md my Re f}?“

. (p(R xBy) = ) N] zmplscs [p(g(R), \TB_V) = I]

TuromM 2. Gwen a’ny bmm P ancl Pm etian SWS g, tf‘fere exists a sub-

- dddrtwe ﬂ.ructmrz prot 28 = R, such that .

;Lb((p(_R,ABy)) p(g(R), xBy)  forall Re & and x,ye 4, (15)

Coand oo , _ : 7
o _Eia(w(R, xBy)) = p(g(R), xBy)  for all Re " and x, y € A o
S : such that o(R, xIy) = g; - (I5b)
ﬁrrﬂaerﬁioré‘, | : . - _ R o
SR | l(99) =0, e
. lu'rr((__:") ;Iﬁ_—!’l’ﬂ'(N-m C) = _]a fm' all _CE ZN’ R (17) o
. p,,,(C) ;Lg(C ), - whenever ccc N (18) |

Thc pxoof of Thcorcm 2 f ollows a Lemmd

'j LrMMA 3. Lef g be a bmm y aml Pm elian SWS ]’ hen, fm cti! R e @“ and

[q(R ﬂy) e ;a } r'mph‘e.s" ."[p'(:g(l{),_"x{j!}::'G].: :
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Progfof Lemma 3. Consider any profile R e 2% such thal, for some z = A
(v =z =2 P and all fe N, :

(xBizB{ 1) il and only it {(x8;1),
and

(zBipBix) if and only if (38,x).

Since g is Parctian, p(g(R"), 2By = 1, Thus,

PR, 2Bx) 2 p(g(R"), yBx) + p(g(R"), yix). (19}
Choosc R” such that, for all i e N,

(B pBiz) il and only if {xB; ¥},
and

(yBizB8{x)  iland only il (yB).
Since g is Paretian, p(g(R"), pBz) == 1. Thus,
(&R, xRz) 2 p(gR"), xBz) = p(g(R"), xBy) + p(g(R"), xIy). (20)
Since g is binary, (19) and (20) yicld

1= p(g(R"), 2Bx) 4 p(g(R’), xRz)
= p(g(R), yBx) - p{g(R), xBy) - 2p(g(R), xIy). (21

Since p(g(R), yBx) + p(g(R), xBy} 4- p(g(R), xIy) = 1, and p(g(R), xIp) =0,
it must be that p(g(R), xIy) = 0, as we wanted to show,

Proof of Theorem 2. Cousider g restricted to %" = {Rec g™
R, xIy) == & for all x, y € A}. By the previous lemma the image of g so
restricled is a subset of L{#). Thus Theorem 1 applies and there exists a
snbaddilive lunction p, which satisfies (1), (16), (17), and (I8). Since g is
binary, u, satisfies (15b) as well, and 10 complete the proof it is sufficient to
show that g {p(R, x8))) < p(g(R), xBy) for all R & #" and all pairs x, y ¢ A.

Given any profile R, let R be such that, for some z € A (v # z % ),

(xB,zB,p) il an\d only if (x5, ),
(»BuxByzy il and only if (y8,x),
and &

(xl,pB2) il and only if (x; »).

Since ¢(R, ¥/z) = @ and PR, xBy) = (R, zBy), we have p{ g(R), zBy) =
(PR, 28D} = p{p(R, xBy)). Since g is Parctian, p(g(R), ¥Bz) == 1. Thus
P((R), xBY) = p(g(R). xBy) 2 p(g®R), zBy) = pmy(g(R, xBy)).
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3 T}m GENFRM POSSIBLITY THF()E{FM AS A COROLLARY

A Social l!’ciﬁne Function (SWF) w is a SWS suuh that for every R € 4,

N there exists R a %, such that [w(RR)] ({R}) = 1. A SWT wis dietatorial il lhclc

cxtsts aje N such that for all x, ye A and all R e 9,

L

AT implics

CoROLLARY {(Arrow's Theorcm).

ity dietator ial. .

»

[PVR), x3) = 1]

J{f Wwisa br'nm"y and Paretia SWF, thien

Pro(J By Theorem 2 lhcrc exisls a subdddmve funetion p,, satls[*ymg
(15)- (18) Since i subadditive, there exists je N such that p,({/}) is

A_ positive. Let R be an arbitrary profile such that xB; y. By (15) and ([8),
p(n (R), ,\H)) = 0; but since w m a SWF, p(w(R), xB1") = l

4. PM{AI.L]EL WITH THE Proor 01='Am<0w‘s- T IIFOREM

" Tor sunp]lc:ty we restrict attention to the” case of slrict plcfe:cnces as

Lonsadcrcd in SCLtIOﬂ 2.

.-Out_hne_ of the Standard Prool of

the General Possibility Theorem
'_(see-eg it pp. 97—100])

Let g be a bmmy and Paretian

. (A1) Let B dﬂd x and y be given,
Cand Jet € = gfB, xBy). Write

d(C) =0 Ol 1 accordingly as x is
~preferred ot inferior to p in the

S()b_l‘ll preference relation g(B)
{(We write xg(B) y, ye(B)x, elc,) Ttis

7 necessary to show that o, is a well-
.- defined function on 2V, thé set of

- coalitions. By binarity, xg(B)y is
ccjuwilent to xg(BB)y whenever -
Cp(B, xBy) = @B, xBy). Thus, it is

sullicient to show that the number
d,{C) is independent of the choice

ol x and y; ie., for all B, B e -
e and gy oz H’&A [rp(B XBy) ==
(B, zBw)] imp: i_e%_[rg(ll) vis ec]u_lv- -

Outline of 'tthldof. of Theotem I

“and Auow s Theorem as a Coro]-

laty.

Let g be A bmmy and Paichan_ -

; SSWS.

(B-S1) Lct B and x and y be

| given and let € = (B, £8y). Define

14,(C) to be the g(B) plobab:hty of
the event xBy: u{C)—=p(g(B), \By)

It is iwedssary to show that i, is a.
well-delined function on 2V, By bi-

narily, p( (M), xBy) = p(g(B) XL

~ whenever (B, XHp) = (B, xBy).

Thus, it is suflicient Lo show that
the number y,{C) is indepeadent of
the choice of x dﬂd ¥ le, for all
B, B e # and X, ¥, 1, we d,

O (B, xBy) = :p(B sz)} implics

[p(g([!), \By) = p(g(B ),sz) Thl.‘.-

s Lcmma 1



PREFERENCE AGGREGATION 233

alent 1o zg(Bw]. This is established.
I d(C) = 1, C is called a weakly
decisive coalition; il f (C) = 0, Cis
called a losing coalition,

(A2) It is demonsicated that if

d(Cy==1 and CCC, then
dCH = 1; alternatively, CC ¢’
implics o, (C} < d (C).

(AJ) It is demonstrated that the
union of digjoint losing coalitions is
losing; CNC' = @ and d{C) =
et (C) = 0 implies d{C U C) =0,
Alternatively, d,(C) - JLC) =
dC U Y forall C, C'C N,

(A4) The proof of the theorem is
completed as follows. The function
d, takes only the values zero and
one. Since g is Paretian, d(N) = 1.

(3-82) 1t is demonstrated that if
CCC, then p{C) < 1, {C"). This
is Lemma 2,

(B-83) The function u, is sub-
additive; e, p(C) 4 n,(CY =
nAC U C7) for all C, C'C N, This
is the final step in the prool of
Theorem 1.

{B~54) (Arrow's Theorem as a
Coroliary). Since g is Pareliun,
pol W) = 1. The fact that ¥ js the
finite union of ils elements together

The fact that N is the finile union with {B-53) implics p ({1 = 0 for
of its elements together with (A3) some j. Since gisa SWF, u({j}) = I,
implies d,({j}) == | lor some j. By and so by {B-52), j is a dictator,
(A2}, j is a dictator.

Finally we observe a further parallel with the Arrow Theorem., An
Arrowian dictator who places x indifferent Lo y is not guaranteed that x will
be indilferent to y socially; i.e., if g is binary and Paretian on #* and if *j*
is an Arrowian dictator, then for some R it is possible that xZ, y and yet x is
socially preferred to p. Similarly for the case of binary and Paretian SWS if a
coalition places x indilferent to y it will not in general be the case that the
cvent 27y will have probability cqual Lo the power of that coalition. As (15a)
indicates, any coalition C (with power ;1,(C)) can assurc x over p with
probability at least g, {C); however, the probability of x over y may exceed
1A C).

CoNCLUSION
Allowing preference lotteries for social preferences does not diminish

the force of Arrow’s Theorem. All binary and Paretian SWS arc associated
with subadditive distributions of the dictatorial powetr,
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